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Abstract. We start by analysing the Lie algebra of Hermitian vector fields of a Her- 
mitian line bundle. 

Then, we specify the base space of the above bundle by considering a Galilei, or an 
Einstein spacetime. Namely, in the first case, we consider, a fibred manifold over absolute 
time equipped with a spacelike Riemannian metric, a spacetime connection (preserving 
the time fibring and the spacelike metric) and an electromagnetic field. In the second 
case, we consider a spacetime equipped with a Lorentzian metric and an electromagnetic 
field. 

In both cases, we exhibit a natural Lie algebra of special phase functions and show 
that the Lie algebra of Hermitian vector fields turns out to be naturally isomorphic to 
the Lie algebra of special phase functions. 

Eventually, we compare the Galilei and Einstein cases. 



Introduction 

A covariant formulation of classical and quantum mechanics on a curved spacetime 
with absolute time (curved Galilei spacetime) based on fibred manifolds, jets, non linear 
connections, cosymplectic forms and Frolicher smooth spaces has been proposed by A. 
Jadczyk and M. Modugno some years ago |S] and further developed by several authors 
[U El Ell LI31 [M [HI CHI LH1 EU [23 I2ni [23 GUI EH We shall briefly call this ap- 
proach "Covariant Quantum Mechanics" ("CQM"). It presents analogies with geometric 
quantisation (see, for instance, IH 1221 I2H1 I2E1 EH] and references therein), but several 
novelties as well. In fact, it overcomes typical difficulties of geometric quantisation such 
as the problem of polarisations; moreover, in the flat case, it reproduces the standard 
quantum mechanics (hence, it allows us to recover all classical examples). The fact that 
our phase space is the jet space (and not the tangent, or cotangent, or vertical, or cover- 
tical spaces of spacetime) is an essential feature of our theory, which fits the covariance, 
the independence from units of measurents and allows us to skip constraints. 
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One of the basic aspects of CQM concerns quantum operators on quantum sections 
associated with special phase functions. In the original formulation of the theory, this 
goal was achieved by a rather intricate way 

The present paper is aimed at presenting an greatly improved approach to this corre- 
spondence. The essential idea is the following. The Lie derivatives are natural candidates 
as 1st order covariant operators on sections of the quantum bundle. But, we want to select 
Lie derivatives with respect to vector fields which reflect the geometric (hence physical) 
structure of spacetime and quantum bundle. For this purpose, we just classify the Her- 
mitian vector fields. Actually, by the help of an auxiliary quantum connection, we prove, 
in a general context, that the Lie algebra of Hermitian vector fields is isomorphic to a Lie 
algebra of pairs constituted by a spacetime function and a spacetime vector field. In the 
Galilei framework, we obtain a further result. In fact, we exhibit a Lie algebra of special 
phase functions and prove that each observer yields an isomorphism of this Lie algebra 
with the above Lie algebra of pairs. Moreover, we postulate a phase quantum connection 
which is equivalent to a system of observed quantum connections with a certain transition 
law. Indeed, if we classify the Hermitian vector fields by means of any observed quantum 
connection of the above system, we find a natural isomorphism with the Lie algebra of 
special phase functions. Moreover, we can prove that this correspondence turns out to be 
observer independent. Summing up, we exhibit the correspondence principle as a conse- 
quence of the classification of Hermitian vector fields and show a covariant isomorphism 
between the Lie algebras of Hermitian vector fields and special phase functions. We stress 
that the Lie algebra of special phase functions appears naturally in our classical theory, 
but it could be recovered independently while classifying the Hermitian vector fields. 

In order to complete the theory of quantum operators in covariant quantum mechanics, 
one needs to achieve the covariant Schrodinger operator and the Hilbert quantum bundle. 
These further developments are beyond the scope of the present paper and can be found 
in the literature (see, for instance, |T7|). 

It is well known that quantum mechanics fails in an Einstein relativistic context. On the 
other hand, we can prove that all pre-quantum results of CQM in the Galilei framework 
can be essentially rephrased in an Einstein framework. The basic ideas work on the 
same footing in the two cases. However, several technical differences appear due to the 
different structure of spacetime in the two cases. These developments in the Einstein case 
seem to be interesting by themselves. Moreover, we deem that the reader can understand 
better the Galilei case by seeing how the results of this theory look like in the Einstein 
case. For these reasons and aims, this paper deals also with the Einstein case (see also 

[m n2i en us]). 

Thus the paper is organised in the following way. 

First, we consider a generic spacetime and quantum bundle and classify the Hermitian 
vector fields by an auxiliary quantum connection. 

Then, we specify the geometric structures of the Galilei spacetime and quantum bundle, 
and analyse several classical and quantum consequences of these postulates. Accordingly, 
we achieve the classification of Hermitian vector fields in terms of special phase functions. 

Next, we repeat an analogous procedure in the Einstein case. 

Eventually, we discuss the main differences between the two Galilei and Einstein cases. 
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If M and N are manifolds, then the sheaf of local smooth maps M —>■ N is denoted 
by map(iVf , N) . If F — > £? is a fibred manifold, then the sheaf of local sections B — > i* 1 
is denoted by sec(£?, F) . If F ^ B and F' ^ B are fibred manifolds, then the sheaf of 
local fibred morphisms F ^ F' over .B is denoted by fib(-F, -F') . 

If i* 1 — > i? is a fibred manifold, then the vertical restriction of forms will be denoted by 
a check symbol v . 

In order to make classical and quantum mechanics explicitly independent from scales, 
we introduce the "spaces of scales" [H|. Roughly speaking, a space of scales § has the 
algebraic structure of M + but has no distinguished 'basis'. We can define the tensor 
product of spaces of scales and the tensor product of spaces of scales and vector spaces. 
We can define rational tensor powers U m/n of a space of scales U . Moreover, we can make 
a natural identification S* ~ . 

The basic objects of our theory (metric, electromagnetic field, etc.) will be valued into 
scaled vector bundles, that is into vector bundles multiplied tensorially with spaces of 
scales. In this way, each tensor field carries explicit information on its "scale dimension" . 

Actually, we assume the following basic spaces of scales: the space of time intervals T , 
the space of lengths L , the space of masses M . 

We assume the following "universal scales": the Planck's constant h~ G T^ 1 <g> L 2 <g> M 
and the speed of light c G T -1 <g> L . Moreover, we will consider a particle of mass m G M 
and charge q G T _1 <g> JL 3/2 <g> M 1/2 . 

1. Hermitian vector fields 

First of all, we analyse the Lie algebra of Hermitian vector fields of a Hermitian 
line bundle. 

Let us consider a manifold E , which will be specified in the next sections as Galilei, or 
Einstein spacetime. We denote the charts of E by (x A ) and the associated local bases of 
vector fields of TE and forms of T*E by d\ and d x , respectively. 

1.1. Quantum bundle. We consider a Hermitian line bundle it : Q — > E , called quan- 
tum bundle, i.e. a complex vector bundle with 1-dimensional fibres, equipped with a 
scaled Hermitian product h : E -> (L~ 3 <g> C) <g> (Q* <g> Q*) . 

We shall refer to (local) quantum bases, i.e. to scaled sections b G sec(E, L 3 / 2 ® Q) , 
such that h(b,b) = 1 , and to the associated (local) scaled complex linear dual functions 
z G map(Q, Lr 3 / 2 ® C) . We shall also refer to the associated (local) real basis (b a ) = 
(bi,b2) =: (b,ib) and to the associated scaled real linear dual basis (w a ) = (w 1 , w 2 ) = 
(| (z + z), g i (z — z)) . We denote the associated vertical vector fields by (<9 a ) = (di, d 2 ) ■ 

The small Latin indices a, b = 1,2 will span the real indices of the fibres. 

For each $, \P G sec(E, Q) , we write 

^ = ^ a b a = 7/;b and h($, = (& 1 ^ + $ 2 ^ 2 ) + i ($ : m 2 - $ 2 m 1 ) = <f)ip , 

with tf 1 , ^ 2 G map(^, L" 3 / 2 ® M) and ip = ^I 1 + i ^ 2 G map(.E, L" 3 / 2 ® C) . 

Each \I> G sec(E, Q) can be regarded as a vertical vector field ^ ~ ^ G sec(Q, VQ) : 
q e i — > (a e , ^(e)) , according to the coordinate expression \& ~ \& = \E' a (9 a . We can regard 
h. as a scaled complex vertical valued form h, : Q — > (L -3 <g> C) <8> V*Q , according to the 
coordinate expression h, = (w 1 d 1 + w 2 d 2 ) + i {w l d 2 — w 2 d 1 ) . 
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The unity and the imaginary unity tensors 

1 = id Q : E -> Q* <g> Q and i = i id Q : £ -> Q* <g> Q 
will be identified, respectively, with the Liouville and the imaginary Liouville vector fields 
I : Q — > VQ = Q x Q : g i-> (q,q) and i I : Q —> VQ = Q x Q : g i-> (q, i g) . 

We have the coordinate expressions 

1 = idQ = w 1 bi + w 2 b 2 = -2 <E> b , I = w 1 d\ + i/; 2 <9 2 = z <g> <9i , 

i = i id Q = w 1 b 2 — u> 2 bi = iz <g> b , il = u; 1 <9 2 — w 2 d\ = iz <g> <9i . 

Each quantum basis b yields (locally) the flat connection x[b] : Q — > T*i£ <g> TQ , with 
coordinate expression x[b] = <i A <g> 9a . 

Next, let us consider a Hermitian connection of the quantum bundle, i.e. a tangent 
valued form |UJ E2] c : Q T*E ® TQ , which is projectable on 1^ , complex linear over 
its projection and such that V H = . 

Then, c can be written (locally) as c = x[b] + tA[b] ® I, with A[b] G sec(E,T*E) . 

Moreover, we obtain c A1 = c\ 2 = and c 2 x = — c A2 , and the coordinate expression 
c = d x <g> (<9 A + i A x I) , with A A = G map(£;, R) . 

We have the coordinate expression V\& = (c^ — i A\xjj) d x (g) b , V\I/ G sec(-E, Q) . 

The curvature of c is i?[c] =: — [c, c] = — i<&[c] ® I, where [ , ] is the Frolicher-Nijenhuis 
bracket and $[c] : — > A 2 T*E is the closed 2-form given locally by $[c] = 2cL4[b] 
[HI I2H E3 Thus, we have the coordinate expression $[c] =2 c^Aa d^ Ad x . 

1.2. Hermitian vector fields. 

1.2.1. Projectable vector fields. A vector field K G sec(Q,TQ) is said to be projectable 
(on £7) if Ttt o F g fib(Q,T£) factorises through a section X G sec(E,TE) . Thus, 
F G sec(Q,TQ) is projectable if and only if its coordinate expression is of the type 
Y = X x d x + Y & d a = X x d x + Y z b , where X x G map(£, M) , Y a G map(Q, M) , Y z = 
Y 1 +\Y 2 G map(Q,C). 

The projectable vector fields constitute a subsheaf proj (Q,TQ) C sec(Q,TQ) , which 
is closed with respect to the Lie bracket. Moreover, the projection Tit : proj (Q,TQ) — > 
sec(E,TE) turns out to be a morphism of Lie algebras. 

1.2.2. Linear vector fields. A vector field Y G proj (Q,TQ) is (real) linear over its pro- 
jection X G sec(E,TE) if and only if its coordinate expression is of the type Y = 
X x d x + F b a w b <9 a , with X x , F b a G map(E,M) , i.e., of the type Y = X x d x + Y h z w h b, 
with X x G map(£, R) and F b 2 = F b x + t F b G map(£, C) . 

The linear projectable vector fields constitute a subsheaf lin jr(Q, TQ) C proj(Q, TQ) , 
which is closed with respect to the Lie bracket. 

1.1. Lemma. If Y G lin m(Q,TQ) and ^ G sec(E,Q), then, by regarding $ as a 
vertical vector field ^ G sec(.E7, VQ) , we obtain the Lie derivative L[Y] G sec(Q, VQ) , 
which can be regarded as a section Y.ty G sec(.E, Q) . We have the coordinate expression 
y.tf = (X A <9 A ^ a - F b a ^ b ) b a . □ 
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1.2. Lemma. If a 6 sec(Q, V*Q) and F G proj(Q, TQ) , then the Lie derivative 
L(Y)a is well defined, in spite of the fact that the form a is vertical valued, and has 
coordinate expression L(Y)a = (F M d^a^ + Y h c\ a a + «b <9 a Y h ) <i a . 

Proof. If 5 £ sec(Q, T*Q) is any extension of a (obtained, for instance through a connection of the 
line bundle), then let us prove that the vertical restriction L(Y)a =: (L(Y)a) v € sec(Q, V*Q) does not 
depend on the choice of the extension a . The coordinate expression of a is of the type a — + a a d & . 

Then, the expression Y = Y x d\ + Y a <9 a , with 9b Y x = , yields 

L(Y) a = (Y» d^ax + Y b 9 b a x + a„ d\Y^ + a h d\Y h ) d x + (F M 0„a a + Y b 9 b a a + a h d a Y b ) d a . 

Eventually, by considering the natural vertical projection v : T*Q — > V*Q , we obtain the section 
(L(Y) a) " = (y d»a & + Y h d\a & + d & Y h a h ) d a . □ 

For each Y G lin j?(Q, TQ) , we have the coordinate expression 

L(Y) H = (2 Ff 1 + (F x 2 + F 2 X ) w 2 - i F a a w 2 ) d 1 
+ (2 Y 2 2 w 2 + (Y 2 + Y 2 1 )w 1 + i F a a w 1 ) d 2 . 

Each Y G lin jr(Q, TQ) is complex linear over its projection X if and only if L[Y] (tl) = 
, i.e. if and only if L[Y] = iF.\I> , for each * G sec(.E, Q) , i.e. if and only if F/ = F 2 2 
and Y 2 = —Y 2 , i.e. if and only if its coordinate expression is of the type F = X x d\+Y z I , 
with X x G map(£, M) and Y z = F/ + iY 2 = Y 2 - \Y 2 l e map(Q, C) . 

The complex linear vector fields constitute a subsheaf lin c (Q,TQ) C lin K (Q,TQ), 
which is closed with respect to the Lie bracket. 

If F G lin<c(Q, TQ) and ^ G sec(£ l , Q) , then we obtain the coordinate expression 
F* = (X A «9 A ^ - Y z tp) b . If F G map( J E;, C) , then we obtain (F = -F * . 

1.2.3. Hermitian vector fields. A vector field F G linjj(Q,TQ) projectable on X G 
sec(E,TE) is said to be Hermitian if L[F] h = 0, where we regard h as a vertical 
valued form. 

In other words, F is Hermitian if and only if 

(1) L[X](h(V, $)) = h(F#, $) + h(tf, F.$) , Vtf, $ G sec(£, Q) . 

1.3. Proposition. Each Hermitian vector field F turns out to be complex linear. More- 
over, F G lin ir(Q, TQ) is Hermitian if and only if F/ = Y 2 = and F x 2 = — Y 2 , i.e. if and 
only if its coordinate expression is of the type F = X x d\ + i Y I , with X A G map(-E, M) 
and F = Y 2 = -Y 2 X G map(.E, R) . 

Proof. If Y is Hermitian, then, for each $ £ sec(E, Q) , we obtain 

h(Y.(i*),$) = L[X](h((i -h((i*),F.$) = -ti[X] (h(*,$)) +ih(*,F.$) 

= -ih(r.^,$) = h((iy.*),$) , 

which yields F.(i^ / ) = xY.^f , hence F is complex linear. Hence, its coordinate expression is of the type 
Y = X x d x + Y z l, with X x e map(.E, M) and Y z = Y? + \Y? = Y" 2 2 - \Y£ e map(B, C) . 

Moreover, the equality ||T} reads as X A d\{i> 0) = (X A - Y z tp) (j) + -ip {X x d\(j) - Y z <j>) , which 
implies Y z + Y z = , i.e. Y z —\Y, with Y" 6 map(S, H) . QED 
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1.4. Proposition. The Hermitian vector fields constitute a subsheaf her (Q, TQ) C 
sec(Q,TQ) of ( map(E, iR)) -modules, which is closed with respect to the Lie bracket. 

Proof. If Y e her (Q, TQ) and a E map(.E, J?) , then 

L[al](/i($,$)) = (aI[Jf])(A($,$)) 
(ay).* = ap), (a7).$ = ap), 

hence a F E her (Q, TQ) . Clearly, if Y 1 ,Y 2 E her (Q, TQ) , then Yi + Y 2 E her (Q, TQ) . 
The closure of her (Q, TQ) with respect to the Lie bracket follows from the identities 

L[[X 1 ,X 2 }] = L[X 2 ]] , L[[n,y 2 ]] - [i[Fi],L[F 2 ]] . QED 



1.2.4. Global classification of Hermitian vector fields. Let us consider a Hermitian con- 
nection c . 

If f € sec(.E, TIE) , then c(£) G her (Q, TQ) . 

1.5. Proposition. We have the following mutually inverse isomorphisms 

f)[c] : her (Q, TQ) -> sec(#, T.E) x map(.E, iR) , 
j[c] : sec{E,TE) x map(.E, iR) -> her (Q, TQ) , 

given by f)[c] : Y h-> (X, -i tr (z/[c](Y))) and j[c] : (X, Y) ^ c(X) + iY <g> I, i.e., in 
coordinates, f) [c] ( Y) = (Y A <9 A , Y x 2 - A A Y A ) and j [c] (X, Y) = X A d x + i ( A A X A + Y) <g> I . □ 

1.6. Lemma. Let us consider a closed 2-form $ of E and define the bracket of sec(E, TE) x 
map(.E, iR) by 

[(X^YO, (X 2 ,Y 2 )] $ =: ([X 1; X 2 ], $(X 1 ,X 2 )+X 1 .Y 2 -X 2 .Y 1 ). 

Then, the above bracket turns out to be a Lie bracket. 

Proof. The 1st component [A 1; A 2 ] is just the Lie bracket. 
Moreover, the anticommutativity of the 2nd component is evident. 
Next, let us prove the Jacobi property. 

Let us consider three pairs IT =: Yi) , with Xi E sec(E, TE) , Yi E map(.E, M) , i = 1,2,3, and 

set (x,y) =: [n^ [n 2 , n 3 ]$] $ + [n 2 , [n 3 , + [n 3 , [it, n 2 ]*] 4 , where 
[Hi, iL]* =: ([^ x,] , $(a 4 , a,) + Xi.yj - AyiV) . 

Then, the Jacobi property of the 1st component follows from the Jacobi property of the Lie bracket 
X =: [Xx, [X 2 , X 3 }] + [A 2 , [X 3 , X,}] + [X 3 , [X u X 2 ]\ =0. 
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Moreover, the Jacobi property of the 2nd component follows from the following equalities 

Y = $(X 1 , [X 2 ,X 3 ]) +^(X 2 , [X 3 ,X 1 ])+^(X 3 , [X U X 2 ]) 
+ X 1 .<P(X 2 ,X 3 ) + X 2 .<P(X 3 , X x ) + X 3 .$(X 1 ,X 2 ) 
+ (X\.X 2 . — X 2 .X\. — [X\ , X 2 ].) Y 3 
+ (X 2 .X 3 . - X 3 .X 2 - [X 2 , X 3 ].) Y 1 
+ (X 3 .X t . - X,.X 3 . - [X 3 , X,}.) Y 2 

= *(Xi, [X 2 ,X 3 ]) + <f>(X 2 , [X 3 ,Xi]) + *(X 3 , [X U X 2 ]) 
+ X 1 .$(X 2 ,X 3 )+X 2 .<f>(X 3 ,X 1 )+X 3 .<f>(X 1 ,X 2 ) 

= $(X U [X 2 ,X 3 ]) +$(X 2 , [X^Xx]) + <s>{x 3 , [X U X 2 ]) 
+ X 1 .$(X 2 ,X 3 )+X 2 .<f>(X 3 ,X 1 )+X 3 .$(X 1 ,X 2 ) 

= d$(Xi,X 2 ,X 3 ) = O.QED 



Now, let us refer to the 2-form $[c] =: i tr R[c] associated with the curvature of c. 

1.7. Theorem. The map j[c] «s a Lie algebra isomorphism with respect to the Lie 
bracket [,]$[ c ] and the standard Lie bracket. 

Proof. We have 

[c(Xi), c(X 2 )] = c([X u X 2 }) -R[c](X u X 2 ) =c([X u X 2 }) +i$[c](X 1 ,X 2 )I, 
[c(X 1 ),xY 2 l]=x(X 1 .Y 2 )l, [c(X 2 ),xY 1 l]=x(X 2 .Y 1 )l, [iti I, xY 2 1] = , 
which implies 

[KXuYi), ){X 2 ,Y 2 ]\ = [c(X 1 )+xY 1 I, c(X 2 )+xY 2 l] 

= [ C (X0, c(X 2 )} + [c(Xi), if 2 l] + [if il, c(X 2 )] + [iYa, iY 2 l] 

= C([X U X 2 }) + X ($[ C ](Xi, X 2 ) + Xx.f 2 - X2.fi) I 

= j([X!,X 2 ] , $[c](X!,X 2 ) +X!.F 2 - X 2 .fi) 
= j([(X 1 ,Y 1 ), (X 2 ,y 2 )] $[c] ).QED 



1.8. Corollary. The map her (Q,TQ) — > sec(.E, T.E) : Y~ i— > X is a central extension 
of Lie algebras by map(.E, M) . □ 

So far, we have considered a generic Hermitian connection c in order to achieve a global 
classification of the Lie algebra of vector fields. 

In the next sections, dealing with the Galilei and Einstein frameworks, we shall be 
involved with two more specific base manifolds E equipped with an additional structure, 
which yields a distinguished system of Hermitian connections. 

This circunstance will provide a further isomorphism of the Lie algebra of Hermitian 
vector fields with a Lie algebra of functions. Indeed, this isomorphism is at the basis of 
the theory of quantum operators in CQM. 
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2. Galilei case 

Now, we specify the setting of the first section, by considering the base manifold 
E as a Galilei spacetime equipped with a certain fundamental structure. 

2.1. Classical setting. 

2.1.1. Spacetime. We consider the absolute time, consisting of an affine 1 -dimensional 
space T associated with the vector space T =: T <g> M. 

We assume spacetime E to be oriented and equipped with a time fibring t : E — > T . 

We shall refer to a time unit u G T , or, equivalently, to its dual u° G T* , and to a 
spacetime chart ( ) adapted to the orientation, to the fibring, to the affine 

structure of T and to the time unit u$ . Greek indices will span all spacetime coordinates 
and Latin indices will span the fibre coordinates. The induced local bases of VE and 
V*E are denoted, respectively, by (<%) and ((f) . 

In general, the vertical restriction of forms will be denoted by a "check" v symbol. 

The differential of the time fibring is a scaled form dt : E — > T £g>T* E , with coordinate 
expression dt = d° . 

A motion is defined to be a section s : T — > £7 . The ist differential of the motion s is 
the map ds : T -> T* <g> T£ . We have df (ds) = 1 . 

2.1.2. Spacelike metric. We assume spacetime to be equipped with a scaled spacelike Rie- 
mannian metric 
g : E — > L 2 ® (V*.E ® V*.E) . With reference to a mass m G M, it is convenient to 
introduce the rescaled metric G =: ^ # : E — > T ® (V*.E (g) . The associated con- 
travariant tensors are g : E ^ L~ 2 <g> (V\E <g> V.E) and C7 = ^g:-E^T*<g> (KE <g> ^E) . 

We have the coordinate expressions g = g; L j d L <g> d? and G = G% u^®d L ® d? , with 
gij G map(£7, L 2 ® R) and G°- G map(.E, M) . 

The spacetime orientation and the metric g yield the scaled spacelike volume 3-form 
rj : E — > L 3 <g> A 3 V"*^ and its dual fj : E ^ L~ 3 <g> A 3 \/.E , with coordinate expressions 
?7 = a/M J 1 A J 2 A d 3 and 77 = (I/a/SI) d 1 Ad 2 Ad 3 . 




2.1.3. Phase space. We assume as classical phase space the 1st jet space Ji-E of motions 
s G sec(T, E) . 

The 1st jet space can be naturally identified with the subbundle J\E cT*8 TE , of 
scaled vectors which project on 1 : T — > T* ® T . Hence, the bundle Ji.E — > £7 turns out 
to be affine and associated with the vector bundle T* <g> VE . 

The velocity of a motion s : T C E is defined to be its 1-jet jis : T — > Ji_E . 

A space time chart (x x ) induces a chart (x x ,x l ) on Ji£7. 

The time fibring yields naturally the contact map d : J\E — > T* ®TE and the comple- 
mentary contact map 9 =: 1 — d o dt : J±E — > T* £7 <g> VE? , with coordinate expressions 
d = -u <8> (<9o + £ 9j) and 9 = (d l — x l d°) <E> <9j . The fibred morphism d is injective. Indeed, 
it makes J\E C T* <g> T.E the fibred sub manifold over £7 characterised by the constraint 
±0 = 1. We have d j dt = 1 . For each motion s , we have d o j ± s = ds . 





HERMITIAN VECTOR FIELDS 



9 



2.1.4. Contact splitting. The dt-vertical tangent space of spacetime and the dt -horizontal 
cotangent space of spacetime are defined to be, respectively, the vector subbundles over 
E 

VE —. {X G TE | X G ker dt} and H*E =: {to G T*E | u G im dt} . 

Moreover, we define the d-horizontal tangent space of spacetime and the d-vertical 
cotangent space of spacetime, to be, respectively, the vector subbundles over J\E 

H d E =: {( ei , X) G J\E x TE \ X G im d( ei )} 

E 

V^E =: {( ei , u) G J X E x T*E | lo G ker d( ei )} . 

E 

We have the natural linear fibred splittings over JiE and the projections 
J X E xTE = H d E © VE , J X E x T*E = H*E © VTE , 

E E 

d © r : J X E x TE — > H d E , r © d : x T*E = H*E , 

E E 

9 : J X E xTE ^VE , 9* : x T*£ -> VJ-E . 

2.1.5. Vertical bundle of the phase space. Let V JiE C V J\E C TJ\E be the vertical 
tangent subbundle over .E and the vertical tangent subbundle over T , respectively. The 
affine structure of the phase space yields the equality VqJ\E = J\Ex (T*<S>VE) , hence the 

E 

natural map v : J X E — > T© (V*E© VoJi-E) , with coordinate expression v = u © d l © 9° . 

2.1.6. Observers. An observer is defined to be a section o G sec(.E, Ji-E) . 

Each observer yields the scaled vector field d[o] =: d o o G sec(.E, T* © TE) and the 
tangent valued 1-form u[o] = 6[o] =: 6 o o £ sec(E, T*E © TE) , with coordinate ex- 
pressions d[o] = m° © (<9o + Oq 9j) and 9[o] = (d l — Oq d°) © <9« , where o =: x o o . Each of 
the above objects characterises o . Thus, an observer can be regarded as the velocity of a 
continuum. 

A spacetime chart (x x ) is said to be adapted to o if o = , i.e. if the spacelike functions 
x l are constant along the integral motions of o . Actually, infinitely many spacetime charts 
are adapted to an observer o ; the transition maps of two such charts (x x ) and (x A ) are 
of the type d§x % = 0. Conversely, each spacetime chart (x°,x l ) is adapted to the unique 
observer o determined by the equality d[o] = u° © do . 

Each observer o yields the affine fibred isomorphism V[o] =: id — o : J\E — > T* © VE 
and the linear fibred projection u[o] : TE — > VE , with coordinate expressions V[o] = 
(4 - oj) m° © 9j and u[o] = (cf - o d°) © d { . 

For each observer o , we define the kinetic energy and the kinetic momentum as 
/C[o] = \ G (V[o], V[o]) G fib(Ji-E, T*E) and Q[o] = i/[o] j (G b (V[o])) G fib( J^E, T*E) . 

In an adpeted chart, we have /C[o] = | G^- :Tq x j d° and Q[o] = Cr° Xq <f . 

We define the kinetic Poincare-Cartan form 0[o] =: — /C[o] + Q[o] G fib(JiE, T*E) 
and obtain K[o\ = -d[o] j 6[o] and Q[o] = 0[o] j 0[o] . 

For each motion s and observer o , we define the observed velocity to be the map 
v =: V[o] o j^s = z/[o] o : T — > T* © V-E . Then, we can write jis = o o s + and 
d o j x s = d[o] + v . 
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2.1.7. Gravitational and electromagnetic fields. We assume spacetime to be equipped with 
a given torsion free linear spacetime connection, called gravitational field, : TE — > 
T*E <g> TTE , which fulfills the identities V^dt = 0, = , R\ iflj = R\ jXi . The 

coordinate expression of is 

K\\ = 

K\\ = -G» & 0j 

K\\ = K\\ = -\ G* (d G° hj + & hj ) 

K h\ = K k \ = —\ Gq (d h G° jk + d k G° jh - djG° hk ) , 

where we have set = : -(V'a^)" , and where & = &[K\o] = &\ ll d x A is a 

closed spacetime form, which depends on the spacetime chart, through the associated 
observer o . 

We assume spacetime to be equipped with a given electromagnetic field, which is a 
closed scaled 2-form F : E — > (L 1/2 <g> M 1/2 ) <g> A 2 T*E . With reference to a particle with 
mass m and charge q , we obtain the unsealed 2-form | F : E — > A 2 T*E . 

We define the magnetic field and the observed electric field to be the scaled vector fields 

5 =: I fj: E^ (L~ 5/2 <g> M 1/2 ) <g> 
i[ ] = : j(i( ) (T^ 1 <g> L~ 3/2 <g> M 1/2 ) <g> \/£ , 

where F : -E — > L 1 / 2 ® M 1 / 2 <g> A 2 V*-E is the spacelike restriction of the electromagnetic 
field. We have the coordinate expressions 

B = \ -j= e hkl F hk d t and E[o\ = -g lj F 0j u° <g> d t . 

Then, we obtain the observed splitting F = -2 eft A # b (£[o]) + 2i/*[o] 77) . 
The closure of F yields the Galilei version of the 1st two Maxwell equations 

curl,, E[o] + L(o) B + B d\v rj o = and div^ B = . 

In the case of a "flat spacetime" and of an "inertial observer", the above equations 
reduce to the standard equations curl,, E[o] + 8qB = and div^ B = . 

The fact that the metric g is spacelike does not allow us to write, in the Galilei frame- 
work, the 2nd two Maxwell equations, which are related to the source charges. Only a 
reduced version of these equations can be written in covariant way in this framework. 
On the other hand, we consider the electromagnetic field as given, hence, in the present 
scheme, we are not essentially involved with its source. 

The electromagnetic field can be merged into the gravitational connection in a covariant 
way, so that we obtain the joined connection 

K =: AT" + K e = - ^(dt®F + F ® dt) , with F = g p (F) , 

which fulfills the same identities of the gravitational connection. 

Thus, from now on, we shall refer to this joined connection, which incoroporates both 
the gravitational and the electromagnetic fields. 
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2.1.8. Induced objects on the phase space. We have a natural bijective map x between time 
preserving linear spacetime connections K and affine phase connections V : J\E — > T*E® 
TJ X E , with coordinate expression r = d x <g> (d x + IY d°) , where ry o = lY ° + IY °4 . 
In coordinates, the map x reads as T A q° = /^aV • 

Then, the joined spacetime connection K yields a torsion free affine connection, called 
joined phase connection, Y =: x(K) : J\E — > T*i£ ® TJiE , which splits as Y = + T e , 
where T e = g* 2 (F + 2dt A (d j F)) : -> T* <g> (T*£ <g> and 1^ = x(i^) • We 
have P = -AG* (F jh tP" + (F j7l 4 + 2 F 0/l ) d°) ® 9° . 

The joined phase connection T yields the 2nd order connection, called joined dynamical 
phase connection, 7 =: d_iT : JiE — > T* <g> TJ\E, with coordinate expression 7 = w <8> 
(<9 + Xq <9j + 7oq (9°) , where 7 q = F A * M ^0 ^0 ? where <5q =: 5q + 5% Xq . Moreover, 7 splits 
as 7 = 7^ + 7 e , where 7^ = d j 1^ and Y — — „ d j F : -> (T* <g> T*) <g> VE . 

Indeed, 7 e turns out to be just the Lorentz force, whose observed expression is Y = 
(E[o] + V[o] X 5) and in coordinates 7 C = (F * + F fc * a#) w° <g> w° <g> $ . 

Next, let us consider the vertical projection z/[r] : J\E — > T*®(T* J\E®V E) associated 
with T , whose coordinate expression is u[T] = (d l — T X q d x ) u° <S> <9j . 

The joined phase connection T and the rescaled spacelike metric G yield the 2-form, 
called joined phase 2-form, Q =: G j (i/[r] A 0) : Ji-E — > A 2 T*J 1 E , with coordinate 
expression = G°- (4 - d A ) A - zjj d°) . Moreover, Q splits as fl = {fl + fi e , where 
11*=Gj (i/[r"] A 0) and fi e = f h F . 

The joined phase 2-form Q is cosymplectic, i.e. c?0 = and dt AQAQAQ^ 0. 

Moreover, £7 admits potentials, called horizontal, of the type G fib(Ji.E, T*i?) , 
which are defined up to a gauge of the type a G sec(E,T*E) . Indeed, for each observer 
o , we have A T = 0[o] + A[o] , where A[o] = o*A T . 

We define the Lagrangian and the momentum associated with a horizontal potential 
to be the horizontal 1-forms C =: djA^ and V ='■ 6 jA^ , with coordinate expressions 
C = {\ G% 4 ^ + A 4 + 4>) d° and P = (G°- ^ + A i )9 i . 

Each observer o yields the closed spacetime 2-form $[0] = $[r, G, o] = : 2o*fi and, 
for each potential A^ , the spacetime 1-form A[o] = A[T,G,o] =: o*A 1 ' . Clearly, we have 
$[0] = 2 (L4[o] . Moreover, we have $[r, G, o] = $[K, o] . 

The joined phase connection T and the rescaled spacelike metric G yield the vertical 2- 
vector, called joined phase 2-vector, A =: G j(T A v) : Ji^ — > A 2 V J\E , with coordinate 
expression A = G^ + c%) A 9° . Moreover, A splits as A = A^ + A e , where A^ = 
Gj(r* A v) and A e = ^G»(F) : J ± E -> (T* ® T*) ® M. We have the coordinate 
expression A c = ^ G^ Gf F hfe 9° A 6} . 

From now on, we shall refer to the joined objects T, 7, Q, A. 

Summing up, we have the following identities 

i(rf)dt = i, i(rf)n = o, 7 = djr, n = Gj(u[r\ ao), a = g^(tav). 

2.1.9. Hamiltonian lift of phase functions. Given a time scale a G map(Ji-E, T) , we 
define the a -Hamiltonian lift to be the map 

X T ham [a] : map( J X E, M) -> sec^E, TJ ± E) : / h-> X T ham [a, /] =: 7(a) + i(d/)A , 
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with XT ham [a, /] = a° (d +48, + ^ $>) - Gff 9°/ 9, + (Gg djf + (P j - I* ) fij/) <9° , 

where r*j =: Gj h r h j. 

Indeed, for each / G map(Ji_E, IR), we obtain the distinguished time scale 

a[f] =:\GjD 2 f = fu Q = \ Gg (d°c>°/) % G map( J^, f ) . 

2.1.10. Poisson bracket of phase functions. We define the Poisson bracket of map(Ji-E, J?) 
as {/, #} =: i(df A dg) A . 

Its coordinate expression is {/, 5-} = G% (dj d°g - d { g &}f) - (rj£ - rjj) <9°/ <9°# . 
The Poisson bracket makes map(Ji.E, IR) a sheaf of (map(T, J?))-Lie algebras. 

2.1.11. The sheaf of special phase functions. An / G map( Ji-E, iR) is said to be a special 
phase function if D 2 / = /" <g> G , with /" G map(£ : , f) . If / is a special phase function, 
then we obtain o~[f] = f" G map(i2, T) . 

The special phase functions constitute a (map(£7, iR))-linear subsheaf spec(Ji-E, iR) C 
map(Ji£J, iR) . 

Let us consider an / G map(Ji£^, M) , an observer o and a spacetime chart. 

Then, / G spec(J 1 ^, R) if and only if / = /" j/C[o] + /'[o] j(Q[o]) + /[o] , where 
/' [o] =: G^(Df) 00 e sec{E, T* <g> VE) and f[o] =: / 006 map(.E, iR) . 

Moreover, / G spec(Ji£, iR) if and only if / = f Q \G ij x\ } x 3 Q + fG^x^ + /, with 
/"./'./ e .naps'E. /R). 

Hence, with reference to a chart adapted to o , we obtain f'[o] = f l and f[o\ — f . 

If / G spec(Jii£, iR) and o, d = o + v G sec(i£, Ji-E) , then we obtain the transition 
formulas f'[6] = f'[o] + f" j u and /[d] = /[o] + /'[o] j G\v) + \f" jG (v, v) . 

For each / G spec(Ji£, iR) , the map /"jd- G fl (.D/) G fib(Ji.E, T.E) factorises 
through a spacetime vector field, AT [/] G sec(i£, T.E) , called the tangent lift of / , whose 
coordinate expression is X [/] = f° d — f l . 

For each / G spec( JiE, M) and o G sec (£7, Ji-E) , we obtain / = —X[f] j 0[o] + /[o] . 

2.1. Proposition. For each observer o, we have the mutually inverse (map(.E, $?))- 
linear isomorphisms 

s[o] : spec(J 1J B, iR) -> sec(#, 7\E) x map(#, iR) : / i-> / o o) . 

t[o] : sec( J B, T£7) x map(S, iR) -> spec(Ji#, iR) : (X, f) h-> AT j 6[o] + / . 

Their coordinate expressions are 

S [o] : /° 1 Gj. 4 xi + r g% xi + f~ ((/° a - f d t ) , /) 

t[o] : (X A <9 A , y ) - X° \ G% xi 4 - X 1 G° s> + Y . □ 
We can characterise the special phase functions via the Hamiltonian lift, as follows. 

2.2. Proposition. Let a G map(Ji.E, f) and / G map(Ji_E, M) . Then, the following 
conditions are equivalent: 

1) AT T ham [a, f] G sec( Ji-E, TJ X E) projects on a vector field X G sec(E, TE) , 

2) / G spec(Ji-E, iR) and a = /". 

Moreover, if the above conditions are fulfilled, then we obtain X — X[f] . 
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PROOF. X\ &ai [a, f] = a 7o - G j 9§f d t + (G j djf + (rjj - rj&) 9?/) 9? is projectable if and only if 
(7° 70 — Gq 9°/ di is projectable, i.e., if and only if 9°er° = and a d®x l — Gq df®f — , i.e. if and only if 
d° h <7° = and G° lk <r° 5{ - 5{ dgjf = , i.e. if and only if d° h a = and 0°°/ = G° fe <r° , i.e., by integration 
on the affine fibres of J X E E , if and only if / = cr° \ G°- a; + f G°- + / , with / G map(£;, 1?) . 
Moreover, if / 6 spec( J X E, M) , then X = cr° 9 + (cr° 4 - G#' 9°/) di = ^ 9 - /' 9, . QED 

2.3. Example. Let us consider a potential of Q , an observer o and an adapted 
chart. Then, we define the observed Hamiltonian, the observed momentum and the square 
of the observed momentum to be, respectively, T~L[o] —■ — d[o] jA t G sec(i£, T*i?) , P[o] =: 
z/[o]jA t G sec(E,T*E) and C[o] =: G jP[o] <g> V[o] G sec{E,T*E) with W[o] = 
-(i G°- x> - A ) d° ,V[o} = (G% 4 + A t ) d* and C[o\ = G j 4 x> + 2 A* G°- ^ + A* A , 
where A l =: G; j A, . 

Indeed, x x ,H , V» Co G spec( J X E, Ft) . Moreover, we have X[x A ] = , X[W ] = <% , 
X[Pi] = -di, X[Co] = 2(d -Ai ) d i ). □ 

2.1.12. TTie special bracket. We define the special bracket of spec(Ji-E, iR) by 

[/,<?] =:{/,^} + 7(r)^-7(/)./. 

2.4. Theorem. TTie sheaf spec(J x E , Ft) is closed with respect to the special bracket. 
For each f±, f 2 G spec(Ji-E, Ft) and for each observer o , we obtain 

[A,/ 2 ] =-[x[/ 1 ], x[/ 2 ]] ,0(0] + [(X[A],A), (x[/ 2 ],/ 2 )] $[o] , 

ie. m coordinates 

lf,g] X = f° d g X - 9° d f x - f h d h g x + g h d h f x 

If" 9] =/° ^o^ - 4° do/ " /* ^ + 0* flJ - (/° 9 h ~ 9° f) ®oh + f h 9 k ®hk ■ 

Thus,X[{h,f 2 \] = [XiMXiM] and [f u f 2 j [o] = [(Xfo], h) , (X[f 2 \, / 2 )] $[q] . 

Indeed, the special bracket makes spec(J±E, Ft) a sheaf of Ft-Lie algebras and the 
tangent prolongation is a morphism of M-Lie algebras. □ 

2.5. Corollary. The map s[o] : spec(S 1 E, Ft) — > sec(E, TE) x map(.E, Ft) turns out 
to be an isomorphism of Lie algebras, with respect to the brackets [ , ] and [ , ]$[„] . □ 

For instance, we have [x\ a;"] =0, [x A ,W ] = , [z A ,P*] = ^ A , [z A , C ] = 
-2^ + 2^, [W o ,P<]=0, [Pi,^-]=0, [Wo, Co] = (d Q G% k )V h V k + 2do£ , 
[Vi,Co] =-d i G% k V h V k -2d i £ . 

2.2. Quantum setting. Let us consider a quantum bundle n : Q ^ E over the Galilei 
spacetime. 

We define the phase quantum bundle as ir< : 

Let {Q[o]} be a "system" of connections of the quantum bundle parametrised by the 
observers o G sec(i£, J\E) . Then, there is a unique connection Qj of the phase quantum 
bundle, called universal, such that Q[o] = o*Q}, for each o. The universal connection 
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fulfills the property X* j = , for each X* G sec( J%E, V J\E) . Conversely, each con- 
nection Q} of of the above type yields a system of connections of the quantum bundle, 
whose universal connection is . Indeed, the curvatures of the universal connection and 
of the connections of the associated system fulfill the property o*i?[Q T ] = i?[Q[o]] . 

Moreover, the universal connection is Hermitian if and only if the connections of the 
associated system are Hermitian. 

Let us suppose that the cohomolgy class of Q be integer. 

Then, we assume a connection : — > T*JiE £g> TQ^ , called phase quantum 
connection, which is Hermitian, universal and whose curvature is given by the equal- 
ity -R[Q^] = —2iQ (gi . The existence of such a universal connection and the fact that 
Q admits horizontal potentials are strictly related. Moreover, the closure of Q is an 
integrability condition for the above equation. 

With reference to a quantum basis b and to an observer o , the expression of is of 
the type Q T = x T [b] + i (0[o] + A\b, o]) ® V , where A\b, o] is a potential of $[o] selected 
by Q} and b . Hence, the coordinate expression of Q} , in a chart adapted to b and o , is 
QT = d x ® d x + 4 ® &l + i ((-i G% x 4 + Aq) d° + {G% x ] + Ai) d}) <g> I T . 

For each observer o , we obtain i?[Q[o]] = — i$[o] (g)I. 

For each observer o, the expression of Q[o] , with reference to a quantum basis b , is 
Q[o] = x[b]+iA[b, o](g)I . Hence, in a chart adapted to b and o , Q[o] = cZ A <8>c?A+i A\ d x ®l . 

If b is a quantum basis and o,6 = o + v are two observers, then we obtain the transition 
law A\b, 6} = A[b, o) - | v) + z/[o] j G b (u) . 

2.3. Classification of Hermitian vector fields. Eventually, we apply to the Galilei 
framework the classification of Hermitian vector fields achieved in Theorem 11.71 For this 
purpose, we choose any observed quantum connection Q[o] as auxiliary connection c, use 
the observed representation s of special phase functions achieved in Proposition 12.11 and 
show an identity. 

2.6. Lemma. If / € spec( JiE, M) and o, 6 are two observers, then we have the identity 
Q[6] (X[f\) + if[6] I = Q[o] (X[f]) + i/[o] I. □ 

2.7. Theorem. For each observer o G sec(-E, Ji-E) , we have the mutually inverse Lie 
algebra isomorphisms, with respect to special bracket and the Lie bracket of vector fields, 

$ =: j[Q[o]] os[o] : spec(J 1 ^, M) -> her (Q, TQ) , 
f, =: t [ ] o f) [Q[ ]] : her (Q, TQ) -> spec(Ji#, iR) , 

pwen §•(/) = Q[o](X[f}) +xf[o] I and Sj(Y) = —Tn(Y) j8[o] - t tr (z/[Q[o]] (F)) . 
VFe Ziaue t/ie coordinate expressions 

$(fl G %xixi + fG%xi + f) = fd Q -fd i + x{fA Q -fA i + f)®I, 

S){X x d x + xYl) = X°\ G% x xl - X 1 G% xi + Y. 

Indeed, the above maps turns out to be independent on the choice of the observer o . 

Proof. The fact that the map J is a Lie algebra isomorphism follows immediately from Theorem 1 1.71 
and Theorem 12.41 
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The independence of the above maps on the choice of the observer follows from Lemma 12.61 QED 



For instance, we have $(x x ) = ix x I, $(W [o]) = 8b, S^M) = -d% and #(C [o]) = 
2d -2Af ) d i +i(2A -A A i )l. 



These vector fields yield "quantum operators" after introducing the "sectional quan- 
tum bundle" and the Schrodinger operator (see, for instance, Ej), but this further 
development is beyond the scope of the present paper. 



Next, we specify the setting of the first section, by considering the base manifold 
E as an Eisntein spacetime equipped with a certain fundamental structure. 

3.1. Classical setting. 

3.1.1. Spacetime and Lorentz metric. We assume spacetime to be an oriented and time 
oriented 4-dimensional manifold E equipped with a scaled Lorentzian metric g : E — > 
L 2 <g> (T*E <g> T*E) with signature ( — h ++) . With reference to a mass m G M, it is 
convenient to introduce the rescaled metric G ='■ ^ g : E — >T® (T*E ® T*E) . The 
associated contravariant tensors are g : E — > Hr 2 <g> (TE ® TE) and G = — g : E —> 
T* <g> (TE <g> T.E) . 

We shall refer to a spacetime chart (x x ) = x*) adapted to the spacetime orientation 
and such that the vector d is timelike and time oriented and the vectors di,d 2 ,d 3 are 
spacelike. Greek indices will span all spacetime coordinates and Latin indices will span 
the spacelike coordinates. We shall also refer to a time unit uq G T and its dual u° G T* . 

We have the coordinate expressions g = gx^ d x <g> d^ and G = G\ uq <S> d x <8> d^ , with 
gxf, G map(£!, JL 2 ® iR) and C7^ M G map(^, iR) . 

A motion is defined to be a 1-dimensional timelike submanifold s : T G E . 

Let us consider a motion s : T G E . Moreover, let us consider a spacetime chart (x x ) 
and the induced chart (x°) G map(T,iR) . Let us set d s x =: §^ . For every arbitrary 
choice of a ^proper time origin" t G T , we obtain the "proper time scaled function" 
given by the equality a : T — > T : £ i— >■ i L . || ^ || c?x° . This map yields, at least locally, 

a bijection T — ► T , hence a (local) affine structure of T associated with the vector space 
T . Indeed, this (local) affine structure does not depend on the choice of the proper time 
origin and of the spacetime chart. 

Let us choose a time origin to G T and consider the associated proper time scaled 
function o : T —>■ T and the induced linear isomorphism TT —>■ T x T . 

The 1st differential of the motion s is the map ds =: ^ : T — > T* ® . 

We have g(ds, ds) = — c 2 and the coordinate expression 



3. Einstein case 



ds 



ds x 
da 



(d x os) 



c u° ® ((d os) + d s l (dios)) 



y/\(9oo°s) + 2 (gojos) d si + (jjijos) d ~s T d ~s' j 
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3.1.2. Jets of submanifolds. In view of the definition of the phase space, let us consider a 
manifold Af of dimension n and recall a few basic facts concerning jets of submanifolds. 

Let k > be an integer. A k-jet of 1-dimensional submanifolds of Af at x G Af is 
defined to be an equivalence class of 1-dimensional submanifolds touching each other at 
x with a contact of order k . The fc-jet of a 1-dimensional submanifold s : N C Af at 
x e N is denoted by j k s(x) . The set of all fc-jets of all 1-dimensional submanifolds at 
x e M is denoted by J kx {M, 1) . The set J k (M, 1) =: \_\ xeM J kx {M, 1) is said to be the 
k-jet space of 1-dimensional submanifolds of Af . 

For each 1-dimensional submanifold s : N C Af and each integer k > , we have the 
map j k s : AT -> J fe (Af , 1) : x h-> j fe s(x) . 

In particular, for /c = and for each 1 dimensional submanifold s : N C Af , we have 
the natural identification J (M, 1) = Af , given by j'os(x) = a; . 

For each integers fc > h > , we have the natural projection : J k (M, 1) — > Jh(M, 1) : 
j fc s(x) ^(x) . 

A chart of Af is said to be divided if the set of its coordinate functions is divided into two 
subsets of 1 and n — 1 elements. Our typical notation for a divided chart will be (x°, x l ) , 
with 1 < i < n — 1 . A divided chart and a 1-dimensional submanifold s : N C Af are 
said to be related if the map x° =: x°|jv £ map(A r , iR) is a chart of iV . In such a case, 
the submanifold N is locally characterised by s l o (x )^ 1 =: (x l o s) o (a; )" 1 e map(iR, M) . 
In particular, if the divided chart is adapted to the submanifold, then the chart and the 
submanifold are related. 

Let us consider a divided chart (ar°,x l ) of M . 

Then, for each submanifold s : N C M which is related to this chart, the chart yields 
naturally the local fibred chart (a; , a;*; a£)i<| a |<* e map(J fe (M, 1), iR n x ]R k( - n ^ l) ) of 
J k (M, 1) , where a =: (/i) is a multi-index of "range" 1 and "length" |a| = h and the 
functions x l a are defined by x l a o ji A 7 " =: <9o...o , with 1 < |a| < A; . 

We can prove the following facts: 

1) the above charts ( ) yield a smooth structure of J k (M, 1) ; 

2) for each 1 dimensional submanifold s : N C Af and for each integer k > , the 
subset j k s(N) C J^Af turns out to be a smooth 1-dimensional submanifold; 

3) for each integers k > h > 1 , the maps 7T^ : J k (M , 1) — > J^(Af , 1) turn out to be 
smooth bundles. 

We shall always refer to such diveded charts of A4" and to the induced fibred 

charts (a: , a;*; a£) of J fc (M, 1) . 

Let mi G J±(M, 1) , with mo = JTg(mi) G Af . Then, the tangent spaces at itlq of all 1- 
dimensional submanifolds N , such that jis(mo) = mi , coincide. Accordingly, we denote 
by T[mi] C T mo M the tangent space at m of the above 1-dimensional submanifolds 
N generating m x . We have the natural fibred isomorphism J\{M, 1) — > Grass(Af, 1) : 
mi i— > T[mi] C T mo M over Af of the 1st jet bundle with the Grassmannian bundle of 
dimension 1. If s : N C Af is a submanifold, then we obtain T[jis] = span((9 + dos* <%) , 
with reference to a related chart. 



3.1.3. Phase space. We assume as phase space the subspace of all 1st jets of motions 
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For each 1-dimensional submanifold s : T C E and for each x G T, we have j\s{x) G 
SiE if and only if T[j 1 s(x)} = T X T is timelike. The velocity of a motion s : T C -E is 
defined to be its 1-jet jis : T — > Ji(-E, 1) . 

Any spacetime chart (x ,^*) is related to each motion s : T ^ E . Hence, the fibred 
chart (x°, x\ x l ) is defined on tubelike open subsets of diE . We shall always refer to the 
above fibred charts. 

We define the contact map to be the unique fibred morphism d : diE — > T* © TE 
over E such that d o j-^s = ds , for each motion s . We have the coordinate expression 

d = c a u° © (d + ^ <%) , where a =: 1/ ^\g 00 + 2 g 0j ~x\ + ^ x x 1 . 

The fibred morphism d is injective. Indeed, it makes SiE C T* © TE the fibred 
submanifold over E characterised by the constraint gx^x^ x^ = — (c ) 2 . 

It is convenient to set b =: d + x l Q di and g \ =: g(b ,d\) = g \ + gi\x l . Then, we 
obtain (a ) 2 (g 00 + goi x % ) = -1 . 

We define the time form as the fibred morphism r =: — g b (d) : SiE — > T © T*.E, 
with coordinate expression r = r x d x , where t a = — ^ goA^o- We have r(d) = 1 and 
<7 (d, d) = — c 2 . 

We define the complementary contact map as 8 =: l-d^rj^x T.E — > Ti£ . We 

have the coordinate expressions 9 = d x © <9a + (a ) 2 #oa <^ a © (do + ^ dj) . 
For each motion s , we have (r o j 1 s)(ds) = 1 . 

2 

With reference to a particle of mass m, we define the unsealed 1-form 6 =: — ^^-r, 
with coordinate expression 6 = a c Gq A rf A . 



3.1.4. Contact splitting. We define the d-horizontal tangent space of spacetime, the r- 
vertical tangent space of spacetime, the r -horizontal cotangent space of spacetime and 
the d-vertical cotangent space of spacetime to be, respectively, the vector subbundles over 
3iE 

H d E =: {(ei, X) G 3iE x TE | X G T[ei]} C x T£ 
K-E =: {(ei, X) ediExTE \ X G Tfe^} C x TE 

E E 

H*E =: {(ei,w) G fli-E x T*£ | (u^ed/) = 0} C x T*E 

E E 

V d *E —. {(e 1 ,to) G diE x T*E \ (u, T[ ei \) = 0} C^xTE. 

We have the natural orthogonal linear fibred splittings over 3iE and the projections 
diE xTE = H d E © V T E , ^ x T*E = H*E © , 

E E 

d © r : xTE -> , r © d : x T*£ = , 

£ E 

6 : x TE -> K-E , r : x T*£ -> V7£ . 
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We have the mutually dual local bases (60, h) and ((3°, adapted to the above split- 
tings, where 

b =■■ d +xidi E &h(3iE, H d E) , h =: di - ca° n b E GbtfiE, V T E) , 
tf> =: d° + c«°r^ ! Gfib(ai^, H*E), (3 l =: <f - x d° G Gb(diE, V d E) . 

The restriction of g to H d E and V T E and the restriction of g to H*E and V d *E yield, 
respectively, the scaled metrics 

011 : diE^h 2 ® (H*E ®H* T E) and gj_ : diE ^ L 2 <g> (V d *E ® V d *E) 

0" : diE — > LT 2 ® (H d E ® H d E) and 5c 1 : ^.E -> L~ 2 ® (K-E ® K-E) , 

with coordinate expressions in an adapted basis 

#1100 =: 0(&o,6o) 

S l|00 =:^°,/3 ) 
0±*j = : 6j) 
.'/ " == .'/( >"• 
It is convenient to set 

*$=:# + #4, 6\ =: 5{ - 5° x 4 , 
9ox =■ 9 (b , d x ) = g ox + g iX 4 , 9° X =■ 9 (P°, d x ) = -(a ) 2 5 X , 
9iX =■ g(bi, d x ) = g lX + c 2 r, r A , g iX =: 0(/^, d x ) = g* x - g ox x . 
Then, we obtain the following useful technical identities 

9ox d x = 0||oo f3° , g ox d x = 0" 00 6 , 9ix d x = g ±ij (5' , g lX d x = g ±ij b 3 , 

(hi)' 1 = (// •") = (9 ij - 4) > // ?/ ' = j^y 2 !!'" , 
r v = ^ x , 0,a fiT = ^ , 0oa = -c 2 T X t» , g tX g* = 6$ + c 2 T X T* , 
S« 9 tX = j^y9° X + S x , 0,0 + & 4 = 0. 

and 

dy = (ay go, , = -a g 0j , ag>-L = -a & , 

a 

<9°r M = — - g ifi , <9 A a° = I (a ) 3 (<9 A OO + 2 9 A O/l x\ + 0^ 4 xg) . 

3.1.5. Vertical bundle of the phase space. Let VodiE C TSiE be the vertical tangent 
subbundle over i£ . The vertical prolongation of the contact map yields the mutually 
inverse linear fibred isomorphisms u T : diE — > T(g)V! r *.E<g)Vo#i.E and z/~ x : ^.E — > V^*#i.E<g) 
T ® V^-E , with coordinate expressions z/ T = ^0 u o ® /? l ® ^ an d z^^ 1 = c a u° ® d l ®bi . 



(a ) 2 

- — n i0 ni° -I- n 00 t- 7 

— 9 x o g x -\-g x Q x 
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3.1.6. Observers. An observer is denned to be a section o G sec(E, diE) . Thus, an 
observer can be regarded as the velocity of a continuum. 

Each observer yields the scaled vector field d[o] =: dooG sec(E, T* © TE) , the scaled 
1-form t[o] ='■ t o o G sec(E, T © T*E) and the tangent valued 1-form 0[o] =: 6 o o G 
sec(-E, T*E © TE) , with coordinate expressions d[o] = c a°[o] w° © (9 + Oq <9j) , r[o] = 
a°[o] (# 0A + ^ A oj) m © rf A and fl[o] = rf A © <9 A - g°[o] (g A + # lA oj) d A © (d + oj , 

where Oq =: o o and a°[o] = 1/ \J\g QQ + 2 g j cP + <?ij Oo °o I • Each of the above objects 
characterises o . 

A spacetime chart (x x ) is said to be adapted to an observer o if Oq = , i.e. if the 
spacelike functions x l are constant along the integral motions of o . Actually, infinitely 
many spacetime charts are adapted to an observer o ; the transition maps of two such 
charts (x x ) and (x x ) are of the type d^x 1 = 0. Conversely, each spacetime chart 
is adapted to the unique observer o determined by the equality d[o] =: (c/||9 ||) d . 

An observing frame is defined to be a pair (o, () , where o is an observer and ( G 
sec(E, T © T*E) is timelike and positively time oriented. In particular, each observer o 
determines the observing frame (o, r[o]) . An observing frame is said to be integrable if ( 
is closed. In this case, there exists locally a scaled function t G m&p(E, f) , called the 
observed time function, such that ( = dt . 

A spacetime chart (x x ) is said to be adapted to an integrable observing frame (o, () if 
it is adapted to o and x° = u° jt . Actually, infinitely many spacetime charts are adapted 
to an integrable observing frame (o, () ; the transition maps of two such charts (x x ) and 
(x x ) are of the type d x l = , d x° G iR + . Conversely, each spacetime chart (x°, x l ) is 
adapted to the observing frames (o, () such that d[o] =: (c/||9 ||) <9 and £ = Wo®^ (thus, 
(o, () is determined up to a constant positive factor for (). 

With reference to an observing frame (o, £) , we define the d[o]-horizontal tangent space 
of spacetime, the (-vertical tangent space of spacetime, the (-horizontal cotangent space 
of spacetime and the d[o]-vertical cotangent space of spacetime to be, respectively, the 
vector subbundles over E 



Hd[o]E 
V C E 
H*E 

V d[o] E 



{X G TE | X = X° d[o] } C TE 

{X G TE | X _j( = 0} C TE 

{uo G T*E | lj = lu ( } C T*E 

{to G T*E | u jd[o] = 0} C T*£. 



We have the natural linear fibred splittings over E and the projections 

T£ = H d[o] E © V c £7 , T*E = H*E © Vfotf , 
(1/0 d[o] © C : -> # d [o].E , ( © d[o] : T*E = H*E , 

0[o, C] : TE — > , r [o, C] : T*£ - V£[o]£ , 

where ? =: = d[o] X e map(.E, iR + ) and 9[o, (] =: 1 - d[o] © C • 

With reference to an integrable observing frame and to an adapted chart (x x ) , the 
coordinate expression of the above splittings are X = X° d + X % <9j and uj = u d° +a>j d l . 
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In the particular case when ( = r[o] , the above subspaces, splittings and projections 
turn out to be obtained from the corresponding contact subspaces, splittings and projec- 
tions, by pullback with respect to o . 

For each observing frame (o, () , the orientation of spacetime and the metric g yield 
a scaled volume form rj[o, Q : E — > L 3 ® A 3 ^*^ and the inverse scaled volume vector 

f)[o,(] ■ E^h~ 3 ® A 3 V C . 

For each observing frame (o, () , by splitting into the horizontal and vertical com- 
ponents, we define the observed kinetic energy and kinetic momentum as /C[o, £] = 
-(l/q)((d[o\ j6) G fib(Ji J B, T*E) and Q[o,(] = 0[o,(] J© G fib(Ji#, T*.E) . Thus, we 
have = — /C[o, £] + Q[o, C] G fib( J\E, T*E) . In the particular case when the observing 
frame is integrable, with reference to an adapted chart, we obtain K,[o] = — c a°GQ d 
and Q[o] = c a°G° ij d i . 

3.1.7. Gravitational and electromagnetic fields. We assume the Levi-Civita connection 
Kr : TE — > T* E®TTE induced by g (or, equivalently, by G) as gravitational connection. 
The coordinate expression of is K\ v ^ = -\ G U P (d\G° pp + d p G° pX + d p G\ p ) , where we 
have set K\\ =: -(V^)". 

We assume spacetime to be equipped with a given electromagnetic field, which is a 
closed scaled 2-form F : E -> (L 1 / 2 <g> M 1 / 2 ) <g> A 2 T* J B . With reference to a particle with 
mass m and charge g , we obtain the unsealed 2-form | F : E — > A 2 T*E . 

Given an observer o , we define the observed magnetic and the observed electric fields 

B[o] =: f i(0[o](F)) ij[o] G sec(£, (T^ 1 <g> L^ 3 / 2 <g> M 1 / 2 ) <g> K[o]#) 
£[o] =: -# tt (o j F) G sec (£, (T -1 <g> L~ 3/2 <g> M 1/2 ) <g> K[o]#) • 

Then, we obtain the observed splitting F = —2r[o] A g^(E[o]) + - i(B[o]) n[o] . 
The local potentials of F are denoted by A e , according to 2 oL4 e = F . 
In the Einstein framework there is no way to merge the electromagnetic field into the 
gravitational connection, hence we have no joined spacetime connection. 

3.1.8. Induced objects on the phase space. We have a natural injective map x between 
linear spacetime connections K and phase connections T : SiE — > T*E ® TSiE , with 
coordinate expressions r = d x <g> (d\ + T\ z c\°) . In coordinates, the map x is expressed by 

As we have no joined spacetime connection, we start with the gravitational objects 
induced on the phase space. 

Then, the spacetime connection yields a connection, called gravitational phase con- 
nection, =: X (K k ) ■ SiE -> T*E <g> T3iE . 

The phase connection yields the 2nd order connection, called gravitational dynamical 
phase connection, ^ =: djT^ : SiE — > T* ® TfliE , with coordinate expression 7^ = 

c a Mo ® (9 +xidi + 7^00 9?) , where 7*00 = ft % % . 

Next, let us consider the vertical projection u T [F^] =: u^oov^] : faE -»• T*<g>(T%£;<g> 
l^-E) associated with r 11 , whose coordinate expression is z7-[r^] = c a (rf — T Ao d x ) u Q ®bi . 
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The phase connection 1^ and the rescaled metric G yield the 2-form, called gravitational 
phase 2-form, ft^ =: Gj{v t [Y^} A 6) : diE -> A 2 T*diE , with coordinate expression 

ft* = c a 67°, (4 - 51 K\% 5 p ) d x ) A & . 

The pair (6, Sfl) is a "contact" structure of diE , i.e. ft = dQ and 6 A ft* A ft 1 " A ft* 4 . 

The phase connection r* and the rescaled metric G yield the vertical 2-vector, called 
gravitational phase 2-vector, A* =: Gj(r* A z/ r ) : diE — > A 2 VdiE , with coordinate ex- 
pression A* = ^ Gf (d x + Gf K\ w S p A 9° . 

Summing up, the above gravitational phase objects fulfill the following identities 

i(7V = i, ;( 7 *)ft* = o, 7 * = djr*, n^Gj(i/ T [r*]Afl), a^Gj^a^). 

Now, we are looking for joined phase objects, obtained by merging the electromagnetic 
field into the above gravitational phase objects, in such a way to preserve the above 
relations. 

By analogy with the Galilei case, we start with the phase connection. 
We define the joined phase connection to be the phase connection r =: r* + T e , where 
T e =: — v T o G^ 2 o (F + 2r A (d j F)) . We have the coordinate expression 

T e = ^ Cft (F X , - (a°) 2 9ox F p » Sg) d x ®d«. 

The joined phase connection T yields the 2nd order connection, called joined dynamical 
phase connection, 7 =: d jT : diE — > T* ® TdiE , which splits as 7 = 7* + Y , where 
^ = ~m v r 9 i (d J ^) , i.e., in coordinates, 7 e = (F 0/i + F jjU a^) w° <g> <9° . 

The joined phase connection T and the rescaled metric G yield the 2-form, called joined 
phase 2-form, O =: Gj { u A^] A#) , which splits as ft = ft* + ft e , where ft e = F , i.e., in 
coordinates, ft e = ^F\^d x A d^ . The pair (0, ft) is a "cosymplectic" structure of diE , 
i.e, dft = dft* + ^ rfF = and 6 A ft A ft A ft = A ft* A ft" A ft* ^ . 

Moreover, ft admits potentials, called horizontal, of the type G fib(Ji.E, T*i?) , 
according to gL4 t = ft . They are defined up to a gauge of the type a G sec(-E, T*E) . 
Indeed, we have A 1 * = + | A e , with coordinate expression A^ = (c a Gq A + | A e A ) d A . 

Indeed, 7 is the unique 2nd order connection such that i( 7 )r = 1 and i( 7 )ft = . 

We define the Lor entz force as / =: -^o(djF) : Jif? ->• (T _1 <g) L~ 3/2 ® M 1/2 ) <g) . 
We have the coordinate expression / = —ca°(g Xj F j + g Xfl F ifJ , Xq) d\ and the observed 
expression / = E[o] + - V[o] X £?[o] . Moreover, we have / =: =: — v~ l o Y ■ 

Vio] q 

We assume the law of motion for the unknown motion s C E of a particle of mass m 
and charge g to be the equation V[ 7 ]jiS =: J2S — 70J1S = , i.e. m V^^jjiS = q f o jis , 
where V ± —■ v^ 1 o V . 

The joined phase connection V and the rescaled metric G yield the 2-vector, called 
joined phase 2-vector, A =: Gj(r A z/*) , which splits as A = A* + A e , where A e = 
4 {y T A v T ) , i.e., in coordinates, A* = £ G A F v 9° A <9° . From now 

on, we shall refer to the above joined phase objects V , 7 , ft , and A . 



3.1.9. Hamiltonian lift of phase functions. For each 0^ e sec(tJi£ ; , T*3iE) , we have 
A»(0t) =: ^(0 T )A G sec(ai^, Vr^i^) ■ 
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Given a time scale a G m&p(diE, T) , we define the a -Hamiltonian lift to be the map 
X\ am [a] : map(ai£, M) - sec(ai£, TJi^) : / - X T ham [<r, /] =: -y(a) + A» (d/) , 
with coordinate expression 

X T ham [a, /] = a°c a° (do + s* d t + 7 o a?) - (G* 9°/ <9 A - (G A + Sg, fij/) , 
where E j = G h T h J - G J h F hQ . 

3.1.10. Poisson bracket of the phase functions. We define the Poisson bracket of 
map(ai£, JR) as {/, g} =: i(df A dg) A . 

Its coordinate expression is {/, g} = (G x {d x f d°g - d x g d$f) - E J d°/ &}g) . 
The Poisson bracket makes map(#i.E, M) a sheaf of J?-Lie algebras. 

3.1.11. The sheaf of special phase functions. Each X G 6h(3iE, TE) yields the time scale 
a =: t(X) G mapf^i-E, T) , with coordinate expression a = — — g \X x u . 

Cq 

If X, Xi, X 2 G sec(E, TE) , <p G sec(#, T <g> T*^) and f u f 2 G map(.E, iR) , then 

-G(d,X 1 )+f 1 = -G(d,X 2 )+f 2 & Xi = X 2 , h = h 
-G(d,X)+A = -d J + / 2 & = G b (X), A = / 2 

-G(d,x 1 ) + f 1 = -x 2 je + f 2 & x 1 = x 2 , h = h- 

We define a special phase function to be a function / G map(ai-E, iR) of the type / = 
-G(d, X) + f, with X G sec(£, 7\E) and / G map(£, iR) . 
Moreover, we say that 

- X[f] =: X G sec{E, TE) is the tangent lift of / , 

- (f)[f] =: G\X) G sec(#, T <g> T*£) is the cotangent lift of / , 

- <t[/] =: t(X) G map(ai-E, T) is the time scale of / , 

- / G map(.E, iR) is the spacetime component of / . 

Thus, if / is a special phase function, then we have the following equivalent expressions 
/ = -G(d, X) + f = -d j 4>[f] + f = -X[f] je + f = mf a[f] + / 
and, in coordinates, 

/ = - Cl,(G ,° + ?' 4)/A t g + / = -co a" US + /"<)+/, 

with / A =: X x = G O V 0° and /° =: 0° = G° V X A . 

The special phase functions constitute a (map(.E, iR))-linear subsheaf spec^i-E, Si) C 
map(ai-E, JR) ■ 

Thus, we have the linear maps X : spec(ai-E, M) — > sec(E, TE) : / i— > X[/] and 
J : spec(ai^, iR) -> map(.E, iR) : / i-> / . 

3.1. Proposition. We have the mutually inverse (map(.E, 1R))-Iinear isomorphisms 
5 : spec(ai J B, iR) -> sec(#, T.E) x map( J B, M) : f ^ (X[f\, f) 
t : sec(£;, T£^) x map( J B, iR) -> spec(ai J B, iR) : -Ij9 + /, 
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with 5 : -c a G° ox f x + f^ (f x d x , /) and t : (X A d x , f) » -c a G° ox X x + f . 

Hence, we have the linear splitting spec(2i-E, iR) = spec"(Ji-E, IR) © map(.E, IR) , 
where spec"(2i-E, M) =: kerf) and mapf^, M) = ker(X) . 

Moreover, with reference to an observer o , we have the mutually inverse (map(-E, iR))- 
linear isomorphisms 

s[o] : spec(ai-B, iR) -> sec( J B, 7\E) x map( J B, M) : f ^ (X[f\, f[o\) 

t[o] : sec(S, T.E) x map(.E, iR) -> spec(ai£, iR) : (X, /) ^ -X j + / + X j 0[o] . □ 

We can characterise the special phase functions via the Hamiltonian lift, as follows. 

3.2. Proposition. Let a G map(#i-E, T) and / G map(3iE, IR) . Then, the following 
conditions are equivalent: 

1) X T ham [a, f] G sec(E, diTE) is projectable on a vector field X G sec(E, TE) , 

2) / G spec^i-E, iR) and cr = tr[/] . 

Moreover, if the above conditions are fulfilled, then we obtain X — X[f] . □ 

3.3. Example. For any spacetime chart (x x ) , the functions x x are special phase func- 
tions and we obtain X[x A ] = . 

Moreover, with reference to a potential and to an observing frame (o, () , we define 
the observed Hamiltonian and momentum as H[o, Q =: — (l/<?) (d[o] G sec(E,T*E) 

and P[o] =: 0[o,C] ^ T G sec{E,T*E) . 

If the observing frame is integrable, then we have the coordinate expressions, in an 
adapted chart, H\o, (] = (-c a G% - A\) d° and V[o, (] = (c a G° 0i + A\) d i . 

In this case, Ho and T 7 * are special phase functions and we obtain X [Ho] — <9o and 
X[V i ]=d i .n 

3.1.12. The special bracket. We define the special bracket of spec(2i-E, M) by 
[f,9] =:{f,9} + (o-[f])( 1 .g)-(a[g])( 1 .f). 

3.4. Theorem. The sheaf spec(JiE , iR) zs closed with respect to the special bracket. 
For each f±, / 2 G spec(Ji-E, iR) , we have 

[fi, M = -djG^X^], X[/ 2 ]] +X[A]./ 2 -X[/ 2 ].A + I F{X[f\],X[f 2 }) , 

«, I/i,/ 2 ] =-c a G^(KdJZ-fZdJV + fi X dxh-tidJ 1 + Zf x fZF^. 
Thus, X[lhJ 2 \] = [X[A],X[/ 2 ]] and [/J/,] = [(X^], A) , (X[/ 2 ], / 2 )] £ . 

ft 

Indeed, the special bracket makes spec(diE, IR) a sheaf of IR-Lie algebras and the 
tangent prolongation is an IR-Lie algebra morphism. □ 

3.5. Corollary. The map s : specf^i-E, iR) — >■ sec(E, TE) x map(.E, iR) turns out to 
be an isomorphism of Lie algebras, with respect to the brackets [ , ] and [,]a F . □ 

For instance, we have [x A ,a; M ] =0 and, with reference to an integrable observing 
frame and to an adapted chart, we have [ x x , Ho ] = Sq , [ x x , Vi ] = S x , [ Ho, Vi ] = . 
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3.2. Quantum setting. Let us consider a quantum bundle re : Q — > i? over the Einstein 
spacetime. 

We define the phase quantum bundle as 7r T : Q T =: diE x Q -> 3iE . 

E 

We can refrase the notion of Hermitian systems of connections and associated universal 
connection that we have discussed in the Galilei case, by replacing J\E with 3iE . 
Let us assume that the cohomology class of | F be integer. 

Then, we assume a connection : — > T*S\E <g> TQ^ , called phase quantum 
connection, which is Hermitian, universal and whose curvature is given by the equal- 
ity -R[Q^] = —2iQ <g) P . The existence of such a universal connection and the fact that 
fl admits horizontal potentials are strictly related. Moreover, the closure of Q is an 
integrability condition for the above equation. 

We have the splitting Q T = Q Te + i0®F , where Q Te : Q T -> T*S%E ® TQ T , is the pull 
back of a Hermitian connection Q e : Q — > T*E (g) TQ , called electromagnetic quantum 
connection, whose curvature is given by the equality -R[Q e ] = — i I F ® I . 

With reference to a quantum basis b , the expression of QT is of the type Q} = yT [b] + 
i (6 + | A c [b]) ® I T , where A e [b] is a potential of F selected by Q^ and b . Hence, in a 

chart adapted to b , is Q T = d x <g> d x + dj ® 9° + i (c a Gg A + | A e A ) rf A ® P . 

For each observer o , the expression of Q[o] , is Q[o] = iO[o] ® 1 + Q e . Hence, in a chart 
adapted to b , Q[o] = rf A ® 9 A + i (9[o] A + | A\) d x ® I . 

3.3. Classification of Hermitian vector fields. Eventually, we apply to the Einstein 
framework the classification of Hermitian vector fields achieved in Theorem 11.71 For this 
purpose, we choose the electromagnetic quantum connection Q e as auxiliary connection 
c, use the classification of special phase functions achieved in Proposition 13. II and show 
an identity. 

3.6. Theorem. We have the mutually inverse Lie algebra isomorphisms 

3 =: j[Q e ] o s : spec(ai£, R) -> her (Q, TQ) , 
Sj =: x o f)[Q e ] : her (Q, TQ) -> spec(ai^, iR) , 

^wen fey = Q e (X[/]) + i/l and £(Y) = -G(d, T7r(F)) - i tr (z/[Q e ](F)) , with 

respect to the Lie bracket of vector fields and the special bracket [ , ] • 
We have the coordinate expressions 

Z(f) = f x d x + i(Zf x A\ + f)I, 

?){X X (d x + il:A\I))+iYI = -c a G X0 X x + Y + ZA\X x .O 

3.7. Note. E f = -X jQ + f e spec(3iE, R) then we obtain 

(j[Q[o]] o S [o])(f) =: Q[o](X) + i/[o]I = Q E (X)+i/I=: (j[Q e ] o 5 )(f). 

Hence, the Hermitian vector field associated with / by the connection Q[o] does not 
depend on the observer o . □ 

For instance, we have $(x x ) = ix x I and, with reference to an integrable observing 
frame and to an adapted chart, $(TCq) = d and $(Vi) = —di . 
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4. Galilei and Einstein cases: a comparison 

We conclude the paper by discussing the main analogies and differences between 
the Galilei and the Einstein cases. 

Spacetime. The essential source of all differences between the two cases is the structure 
of spacetime. In both cases spacetime is a 4-dimensional manifold. In the Galilei case, we 
have a fibring over absolute time and a spacelike (hence degenerate) Riemannian metric. 
In the Einstein case, we loose the time fibring, but we gain a spacetime (hence non 
degenerate) Lorentz metric. 

Nevertheless, in both cases, the time intervals are valued in the absolute vector space 
T . Indeed, this fact has no relation with simultaneity. 

In the Galilei case, we have used the light velocity c just for the sake of standard 
normalisation of some formulas. But, the constant c has no relation with any phenomena 
which can be described in the framework of the Galilei theory. 

Phase space. In the Galilei theory, the motions are defined as sections of the fibred 
manifold; in the Einstein theory, they are defined as timelike 1-dimensional submanifolds. 
This fact implies an important difference with respect to the phase space. In the Galilei 
case, it is defined as the space of 1st jets of sections; in the Einstein case it is defined 
as the space of 1st jets of 1-dimensional timelike submanifolds. Thus, the phase space is 
an affine bundle over spacetime in the Galilei case and a projective space in the Einstein 
case. This difference yields several technical consequences throughout the theory. 

In the Galilei case, the time fibring yields the time form on spacetime, the lift of time 
scales to timelike spacetime forms and the contact structure of the phase space. In the 
Einstein case, these objects cannot be achieved through the fibring but are recovered by 
means of the Lorentz metric. However, in this case, the time form is based on the phase 
space; indeed, this is a main feature of this case. Moreover, the coordinate expressions of 
these objects are more complicated in the Einstein case, due to the projective structure 
of the phase space, instead of an affine structure. 

In particular, in the Galilei case, the vertical subspace of the phase space can be easily 
compared with the vertical subspace of spacetime. Such a comparison requires a more 
complicate description in the Einstein case. 

Contact splitting. Passing from the Galilei to the Einstein case, the horizontal and 
vertical subspaces of spacetime with respect to the time fibring are replaced by the parallel 
and orthogonal subspaces with respect to the metric. However, they are based on the 
phase space. 

Observers. The observers are defined in an analogous conceptual way in the two cases. 
However, relevant technical differences arise due to the different structures of the phase 
spaces. 

In the Galilei case, an observer and the time fibring - i.e. the observer independent time 
form (which is obsviously integrable) - yield a splitting of the tangent space of spacetime. 

In the Einstein case, there are two ways in order to achieve an analogous splitting. 
Namely, we consider an observer and additionally either the associated observed time 
form (which is not integrable, in general), or an independent time form (which may be 
integrable, defining locally a time function). The first pair is sufficient for several purposes; 
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however, the components of the Hamiltonian and of the momentum turn out to be special 
phase functions only if they are defined through an integrable observing frame. 

Gravitational and electromagnetic fields. In the Einstein case, we can formulate the 
standard theory of the electromagnetic field, with the standard Maxwell equations dF = 
and 5F = j . In the Galilei case, the 1st Maxwell equation can be formulated without 
any change, because it involves only the differential structure of spacetime. Conversely, 
the 2nd Maxwell equation, which links the electromagnetic field with its charge sources, 
cannot be written in a full formulation, due to the degeneracy of the metric; only a static 
effect of the charges on the electromagnetic field can be described covariantly. On the 
other hand, in the present theory, we are involved just with a given electromagnetic field; 
hence, the dependence on its sources does not play an essential role in the present theory. 
In the Galilei case, the magnetic field is observer independent; this is not true in the 
Einstein case. Nevertheless, the observed electric and magnetic fields can be defined in a 
similar conceptual way in the two cases. But differences arise from the different behaviour 
of observers in the two cases. 

Induced objects on the phase space. In both cases, a connection of the phase space yields 
naturally a 2nd order connection, a 2-form and a 2-vector of the phase space, which fulfill 
certain identities. 

In the Einstein case, the metric determines the gravitational spacetime connection. In 
the Galilei case, the metric determines the gravitational connection up to a closed 2-form; 
so, the gravitational connection needs an additional postulate. 

In the Galilei case, we have a natural bijection between connections of spacetime and 
connections of the phase space. Moreover, there is a natural way to merge the electromag- 
netic field into the gravitational connection, so obtaining a joined connection. Hence, this 
connection yields naturally a joined 2nd order connection, a joined 2-form and a joined 
2-vector of the phase space, which fulfill the same identities of the gravitational objects. 

In the Einstein case, we have only a natural injection between connections of spacetime 
and connections of the phase space. Moreover, there is no natural way to merge the 
electromagnetic field into the gravitational connection. Hence, we proceed in a partially 
different way. We define a joined phase connection, by analogy with the Galilei case. 
Then, we obtain the joined 2nd order connection, 2-form and 2-vector of the phase 
space. Indeed, the joined phase connection is not essential by itself in our theory. What 
is essential is that all other joined objects be generated by the same phase connection and 
that they fulfill certain identities. 

In the Einstein case, the gravitational 2-form is globally exact and its potential is 
the time form. In the Galilei case, the gravitational 2-form is only closed, but admits 
horizontal potentials. 

Thus, in the Einstein case, the time form r plays the roles analogous both to dt and to 
G (up to a scale factor), in the Galilei case. 

Hamiltonian lift of phase functions. In both cases, we have a similar formulation of 
the Hamiltonian lift of phase functions and of the Poisson bracket. These aspects of the 
theory have strict analogies with the standard literature, but are not exactly standard 
because of our choice of the phase space. 
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Lie algebra of special phase functions. In the two cases, we have several analogies in 
the definition of special phase functions. However, the expression of these functions is 
very different in the two cases, due to the different structure of the phase space. In the 
Galilei case, we need an observer in order to split a special function. In the Einstein case, 
we have a natural splitting of special functions. 

The definition of the special bracket is formally identical in the two cases. However, in 
the Galilei case, the special bracket involves the metric and the joined 2-form, while in 
the Einstein case, it involves only the metric and the electromagnetic field. 

Phase quantum connections. The definition of the phase quantum connection is formally 
identical in the two cases. However, in the Einstein case, it can be split into a natural 
gravitational component and an electromagnetic component, due to the exactness of the 
2-form. This fact is not true in the Galilei case. 

Hence, in the Einstein case we obtain an observer independent purely electromagnetic 
quantum connection. Conversely, in the Galilei case, we obtain a system of observed 
joined quantum connections, which are related by a transition law. 

Classification of Hermitian vector fields. In the first part of the paper, we have shown 
that, given a connection of the quantum bundle, the Lie algebra of Hermitian vector 
fields can be represented by a Lie algebra of pairs consisting of spacetime vector fields 
and spacetime functions. 

In the Galilei case, we implement the above result by choosing an observer and referring 
to the induced joined quantum connection and the induced splitting of special phase 
functions. Indeed, we prove that the transition laws for the above objects are such that 
the final result is observer independent. 

In the Einstein case, we do not need to choose an observer, because the splitting of the 
phase functions is observer independent and we can avail of the electromagnetic quantum 
connection. 
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